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ABSTRACT

In this article we review some recent work on the quantum theory of

radiation reaction. The starting point of this work is the Heisenberg

operator equation of motion for a nonrelativistic point electron coupled

to the quantized electromagnetic field. It is shown that this equation, in

contrast to its classical counterpart, leads to a finite value for the

electrostatic self-energy of a point electron and, for values of the fine

structure constant a : 1, admits neither runaway behavior nor noncausal

motion. Furthermore, the correspondence limit of the solution to the

quantum mechanical equation of motion agrees with that of the Lorentz-Dirac

theory in the classical regime, but without the imposition of additional

conditions and with no possibility of observable noncausality. Thus, a

consistent picture of a classical point electron emerges in the correspondence

limit of the quantum mechanical theory.

.
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10 INTRODUCTION

I would like to describe some calculations
1,2

which E. J. Moniz and

I carried out for the purpose of understanding

between classical and quantum electrodynamics,

their treatment of radiation reaction. Let us

questions of interest here.

more clearly the relationship

particularly in regard to

begin by reviewing some of the

According to the classical ~heory of radiation reaction due to Abraham,

Lorentz and Lirac,
3-5

a nonre”Lativistirpoint electron, intera(:t~ngwith its

self-field and subject to an external force F(t), obeys the equation of motion

● ☛

m~
o

= F(t) - din;(t)+ (2e2/3c3)*’(t) , (1.1)

where &n is the electron’s electrostatic self-energy.

This tl]eoryof radiation reaction suffers from a number of defects

besides the fact the dm = ~ for a point electron, a fact which can afte; all

be swept under the rug by working with the experimental mass, according to

the philosophy of renormalization.

The first defect is that Eq. (1..1)admits runaway solutions, i.e.

solutions for which the acceleration of a Piirticle incrcascs exponentially,

even in the absence of external foraes,

The second defect is that the solutions violate causality. This comes

about when runaways are eliminated from the theory by imposition of a suitable

asymptotic condition. To see this, notice thilt tllc general solution to

Eq. (l.l.)is

● ☛

✻ 1i(t)=et/TOi(0)- (l/Tm)ft dt’c-t’/T~(t’) ,
0

(1*2)
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● ☛

with T = 2e2/3mc3 . If ~(0) is chosen arbitrarily, Eq. (1.2) gives an

t/T
acceleration which gro’.masymptotically like e even if the force acts

only for a fini’.eperiod of time. This behavior can be avoidedif you impose

the condition

● ☛

J
t

it(U)= (1/Tm)lifa dt.’e
-t’/T+ ,

F(t ) 9 (i.e. lim”ii(t)+ O).
t+= o t+cn

But then one can write the solution (1.2) in the form

J;(t) = (l/-cm) ‘dt’e-(t’ -t)/T~(t’) ,
t

or, introducing s = (tl-t)/~ , as

co
;(t) . (l/Ill)

[
ds e-s~(~~TS) . (1. 3)

This form of the solution displays clearly the acausal be!laviorknown as

preaccel.eration: the electron accelerates before the force acts.

While these defects mar the internal consistency of classical

electrodynamics, the point can be made that Eq. (1.3)

describe classical radiation damping, in so far as it

the view is often adopted that, since preacceleration

doe” in fact correct.iy

has been tested, and

occurs on such a short

time sc31e (- 10
-23

seconds for i+ll electron), the acausal effects would occur

in the quantum domain, which is where one has to look for a resolut~.oncf

the problem.

It is a very reasonable proposition that runaway solutions should not

occur in quantum tlwory. One would not expect a l{e~senberg-pictureoperator

to display an ~’xpoll~ntjill.ly growing dependence on time, since its time
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development is given by

O(t) =e ‘HtO(0)e
-iHt

9

~iHt
with unitary. Nevertheless, to date no rigorous proof of the absence

of runaways in qua~tum electrodynamics has been given.

Unfortunately, such a rigorous praof is not the subject of the present

paper either. Instead, I will descrj.besome rather straightforward calculations

which appear to ::hedsome light on the following questions:

(i) What is the mechanism by wilichrunaway solutions are eliminated in quantum

mechanics?

(ii) liowdoesquantum theory manage to suppress the runaways and at the same time

give Eq. (1..1)in the correspondence limit?

(iii) What sort of formula do you get for the electrostatic self-energy in

quantum theory:

(iv) What about preacceleration?

In other words, we will discuss whether quantum theory resolves any

of the problems of consistency which appear to be present already in classical

electrodynamics. We will not be addressing the more fundamental questions

of the possible finiteness, and overall consistency, of quantum electrodynamics.
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II. CLASSICAL ELECTRODYNAMICS OF EXTENDED CHARGES

It will turn out that some aspects of our results on the quantum

theory of radiation reaction can be best understood by comparing them to

the classical results for the motion of an &xtended charge. For a spherically

symmetric static charge distribution p(:,t) = p(z -F(t)), where ~(t)

is the coordinate of the mean position of the charge, Eq.(1.1) is replaced by6

al

(-I.)* ~ dn+2~@_ + (noG-linear terms)m~ii(t) = F(t) z- (2e2/3c2) — n
*=O n!c n dt

n+2

(2.1)

9

and L is the effective charge radius.

We have showr.explicitly in Eq.(2.1) ofilyterms which are linear in

the particle’s velocity or its time derivatives. Thes; terms all arise from

the electric self-field. The non-linear terms, which arise bu:h from the

electric and magnetic self-fields,are all of order Iilclz Limes the linear

terms. These are neglected in this discussion, since we are considering

the motion of a nonrelativistic electron.

For simple charge distributions, the coefficients yn can be

explicitly evaluated and the series summed. Thus, for a spherical shell,

one obtains

Yn = (2e2)(2L)n-1/(n+l) , (2.2)

2,7,8
and the equation of motion can be written in the form



7

9. ● ●

ii(t) = l(t)/m(l - cT/L) + ~[~(t - 2L/c) - ~(t)] ,

neglecting non-linear terms, wilere

E =

that if

(2.3)

(c/2L)(cT/L)/(1 - cT/L) , T = 2e2/3mc3 , m=mO+2e2/3Lc2 .

The solutions to Eq. (2.3) have been analyzed fully.2’8 One finds

L > cT(& > O) Eq. (2.3) has no runaway

while if L << CT Eq. (2.3) reduces to Eq.(1.1)

and acausal solutions of Eq. (2.3) occur if L <

nor preaccelerating solutions,

with mo+dm=m. Runaway

C’r.

Ihe pertinence of these results to the quantum mechanical case is

the following. We will find that the structure of the radiation reaction

problem for a quantum mecijaaicalpoint electron, i..e.an electron with zero

charge radius, is similar to that of a classical extended charge. Specifically,—

the quantum mechanical eqlation of motion for a point charge has the general

form of Eq. (2.1), with the electron Compton wavelength ~ forma:.lyplaying

the role of the charge radius L. It is the fact that there is a new length

scale in the quantum theory which allow~ this to happen.
,?

.. .;
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111. QUANTUM THEORY OF RADIATION REACTION

Our plan is to first derive the Heisenberg-Ficture operator equation

of motion for a nonrelativistic electron, including the self-force terms,

and then to analyze some properties of its solutions. In other words, we

want to study the quantum counterparts of Eq. (1.1.)or Eq. (2.1).

A. Equation of Motion—

To derive the equation of motion, we follow the Abraham-Lorentz

procedure for deriving the self-force on an electron, except that we must

remember to take proper account of the fact that we are working with operators.

For the purposes of the present discussion, this just means that we pay

attention to the order of non-commuting quantities.

Our starting point for this calculation is the

Hamiltoniang

and

~=~
long

+ itrans .

This describes a nonrelativistic charged particle of mechanical mass
‘o

1.0
and (spherically symmetric) charge distribution [defined so that

d~p(~ - i) = 1] interacti,lgwith an electromagnetic field, computed in

+
Coulomb gauge. P(t) and ~~t) arc, respectively, the Heisenberg-picture

momentum and position operators of Lhe particle.
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Proceeding in standard fashion, we use Eq. (3.1) to derive the

Heisenberg equations of motion, and alrive at the operator form of the Lorentz

force equation

& (moi)=ei(i) + (e/2c)[i x i(i) - ii(i) x i] (3.2)

and the usual operator field equations for the electromagnetic potentials

+ 11
A and $ (here written in Lorentz gauge )

- Ci(:,t) = 4me~(;,t) ,

- D$(:,t) = 41Tep(Z,t)

(3.3a)

(3.3b)

In writing these equations, we have used the following notation:

i(i) =$xx(b , i(i) = - $@(t) - (l/c) *

and

density

;(;, t) =+ [P(; - ii(t)),i(t)l+= the single particle current

operator.

As in the classical case, our goal now is tc use the field equations

(3.3) to eliminate the self-fields f~om the Lorentz force equation. ‘Todo

this, we first observe that the exact solution to Eq. (3.3), satisfying

retarded boundary conditions, may be written

(3.4a)
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(3.4b)

where the retarded time t~et = t - <l~-~’~/c) . Note that lim ~+~in ,
t+-m

which is a free field.

We can relate an operator evaluated at the retarded time t:et to

its value at time t by the formula
.

-tiH(t~et-t) -f,l(t:et-t)
O(t~et) = e O(t)e

= z (-i)n I;-l’In ~adnH)O(t)
n! n 9

n=O c

(3.5)

where

(ad H)O= [H,O]_ , (ad2H)O= [H,[H,o]_l- .

Next, we use the expansion (3.5) and Eq. (3.4) to evaluate the electric

and magnetic self-fields occurring in the Lorentz force equation. The resulting

form of the quantum mechanical equation of motion is

a

z (-i)n+l
+ (2e2/3c2] ——

n J1
d;d;’;[p(;-it(t))l~-~’in-l,@dn+lH)f(~’ ,t)]+ .

n=O n!c

(3,6)

In writing Eq.(3.6), we have dropped the contributions from the magnetic

self-field. These have been evaluated and found to be fo~mallyof order
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~2/c2 times the leading contributions from the electric self-field, as one

would expect. Such contributions should therefore be negligible for a slowly

moving el~ctron. The same shouid be true of the nonlinear terms associated

with the electric self-field. The statement that these terms are negligible

means, in the quantum mechanical context, that there is a subset of states
●

in Hilbert space for which the matrix elements <mli12/c21n> are llsmal.ltl

and that one can work consistent j to a given level of accuracy within this

set of states. It is a crucial.assumption of this calculation that such

a set of states exists.

Equation (3.6) is the starting point for our study of radiation

reaction in quantum mechanics. The main labor in this calculation consists

in evaluati:~gthe nesued commutators in Eq. (3.6), so that it can be pIItin

a useful form. The details can be found in Ref. 2, and I won’t reproduce

them here. However, it might be instructive to see what the first few terms

in the series (3.6) look like.

TAfter evaluation of [H, (~,t)], the n=O term in Eq. (3.5) gives
12

(m~’)n=O = - (2e2/3c2)<lF-Pl-l;~ ,

with the notation <Ir-<1> ‘~~d~d~’p(~)l~-~’ lp(~’) . This is the same as

the classical result. Similarly, the n=l term gives

(m~~)n=l = (2e2/3c3)<l>1 ,

which is again the same

come in when n=2, where

EIS in the classical case. The first new quantum terms

you find
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9*

A

(x@n=2

● ☛☛☛

= - (1/3c4)<l;”;’I>; - (1/9c4)<lX l-%3{i2j} + ;i”i,i) + {i:i,i}
● .*.9.*.

~’-
+ i!”; i + ii ihi]

classic:!).

result
i

neglecting order of operators, exactly the
●

@ +2

$ R /c2 correction arising from ~~elf to the
9.

classical result for i

new quantum term

Let. L denote tl:eparticle’s charge rad~us and let A = (b/mOc)

be the electron’s Compton wavelength. We see that the new term diverges

as (1/L3) as L + O , and is - (~/L)2 times the classical self-energy term.

This suggests a s.all quantum mechanical correction to the self-energy if

A<<L, butif ‘1>> L (point charge limit), one will have to sum the series.

This is h’w one proceeds, carrying out the term by t~ ~ evaluation of

Eq. (3.6), until ~ne has inferred the combinatorics governing the general term.

The result iS1’2

●

(dropping all terms of order ~2/c2 or smaller compared

to the leading terms)

● ☛ 9

mOi(t) = i:i!in+ (e/2c)[i X i!in- iiinx i]

I
(n*2)

i- (2c2/3c2) m El- in R(L) >
nn=o n!c

(3.7)

I
with I
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[

aa 1‘n” l+Fn~X ‘n ‘

($)
We have used the notation that R (t) = dm~(t)/dt and, again, that A = h/mOc.

Note that each structure coefficient.is a power series in (X2/L2) and that

if we retain only the k = O term in the series for Bn , which corresponds

to taking the h + O limit of the expression, we recover the equation of

motion for a classical extended charge.

B. Evaluation of the Structure Coefficients.——

a) Electrostatic Self-Energy

The electrostatic self-energy, defined as the coefficient of th

acceleration arising from the self-force, is given by tilen=O term in the

series in Eq.(3.7). Specifically, one obtains

dm = (2e2/3c.2)A0= (2e2/3c2)(l.+ ; &l + A&. (3.8)

w

ad with p(k) the Fourier transform of p(r). Doing the integral over r

and summjng the series leads to

m

If/O= (2/IT)P d’
~(k)2

)\2k2/4
9

1-
0

(3*9)
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where the improper k-integral has bee~~regularized by taking tkle Cauchy

principal value.

This formula for the electrostatic self-energy has a number of

remarkable features:

i) If one lets ~ + O in Eqs.(3.8)-(3.9), and then goes to the point charge

limit, one obtains the classic divergent expression for dm. However,

if one first takes the point charge limit (~(k) = 1) in Eq.(3.9), keeping

~ fixed, one finds dm = O . Thus, according to this calculation, one

finds that the electrostatic self-energy of a point charge is zero in

nonrelativistic quantum electrodynhaics. This is a surprising result. To

keep things in perspective we emphasize that it is not claimed that this

calculation shows that the electron’s self-mass is finite. There are

contributions to this self-mass other than the one treated here, and theue

other contributions may well be infinite. Nevertheless, it would be most

interesting to

is, would tell

ii) It is also

particle has a

see what an essentially non-perturbative calculation, as this

us about these contributions.

interesting to study the sel.f-energyin the case when the

convergent form factor, such as the Yukawa form factor

~(k) = (1 + k2L2)-1
-. — ----

(3.9), one finds2

and that then

. (L is the effective charge radius.) Using Eqs. (3.5)-

that t!lemaximum value for cSm occurs when L - A,

(3.10)

where cx is the f~ne structur~ constant. This seems to be a physically

reasortablcresult. For cxampl.c,it would lead to hadronic electromagnetic

mass shifts on the order of a few NEV if m. were chosen to be a few
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hundred MEV. Furthermore, Eq.(3.10) excludes the possibility of a purely

electromagnetic origin for the electron’s mass within the framework of

nonrelativistic quantum electrodynamics.

iii)For O<L<<A, the electrostatic self-energy can actually become

2
negative.

iv)

n()$

The

Additional insight into these results CT,?be obtained

Eq.(3.9), back into coordinate space. One finds that

‘o = Ud~d~lp(r)

integral operator in this expression is defined by

[
[1+#t2/4]-lp(x) = dys~(x-y)p(y) ~ ~eff(X)

by transforming

(3.11)

with
+ ~ito?

J
Sl(r) = P ~

(21T)31- ~2k2/4
(3.12)

Thus we see that.in this calculation all of the physics involved in the

intcracti.onof the charged particle with i”tsqunntiied self-field is summarized

in the “spreading function” SA(r) which gecwra~cs an effective charge

distribution peff(r) which is smeared out.ovclra Compton wavelength. 111

this respect, our results are quite similar to those obtained many years ago

by Weiskopf.
13

In his work, however, the spret~dingout of the chnrgc

distribution was caused by virtual ~lcctron-ponjtron pairs, wllcrclsin our

strictly nonrclativiatic treatment tllcreare, of course, no positrons,
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l%ally, we note that the char[~cdistribution Peff generates an

effective scalar potential

$tom which the elec~fostatic gelf-energy can be calculated as

h..“TheRema,inSn~Coefficients.— —

1 will simply assert in passhg that the other structure coeffic~.ents

in RI.. (3.,?) have been cr~luated,
1,2

and that in the point charge limit one

tilllds

((n-l)/2 2n(4n+5)

I

, (-1)
3(n+l)(n+2) ‘2n

- l)!!An-l , n odd

~:. (3*13)

i
o * n even .

‘Thusthe equation of motion (3.7) is indeed similar in structure to that of

a Iclass~calextended charged particle, Eq.(2.1), with the Compton w.lvelength

A plnying the role of n size parmnc’tcr.

C. ‘Solutjon~

A) Notion.—

Now I

First ‘fWill

of the Equntion of Noti~on— —. .—-—

in the Absunce of ExtcrnaJ Forct?s— -—. —“.-— — —-——-

want to discusss t30mcproperties of the solutions to Eq.(3.7),

cliscuns tl~cmotion of a “free” electron, i.e. one that experiences

ir3not.net.u.dupon by any externnl force, ‘1’hisis the

encounters rUlliiWilysolutions claSSi.Cilll.y*illl(l WC? Wtltlt

tilt! q(lillll.11111 lW?Cll(llli.Ci.11 case .
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To investigate this question, we take matrix elements of the equation

oi’motjn between the exact stationary states of the Hamiltonian (3.1). We

assume that among these states there are ones for which the matrix elements

of the in-fields are negligible, and we confine our attention to these

states, This is possible owing to the linearity of Eq. (3.7).

While we do nnt know how to construct the exact stationary states of

the HamiltonIan (3.1), we do know that for such states one can write

iEmnt/fi ●

<mlk(t)ln> e <ml~(())ln> ,

with E = Em - E . We see that if there
al1 n —

there would have to be states such that <m

~ E iEmn/h has a positive real part.

Supposing that <ml~(0)ln> ~ O , and

were runaway solutions to Eq.(3.7),
●

~(0)ln> # O and for which

t:~.kingthe indicated ma~rix

elements of Eq.(3.7) results in a power series in the variable p = ~A/c:

odd (3.1.4)

(3.14)

E$af(rl) .

In writing l?q.(3.14), I have factored out the root ~ = O . This

corresponds to motion at constant velocity, and is thg expected result for

a free cl.cctron. The question is whether theru ilre o~lmr solutions to

Eq.(3.14), correspondin~lto runaways or other Ull~llySiC!ill.motions,

The ser~cs (3.14) converges for lr)l<l./2 . Inside its rac!iusof

convcrgcn~e, the ser~(?sc~lubesununcd [in(lOIIC OhtOfIIS
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f(~) = - ()~ [(1 - 2irl)-1’2- (1 + 2ir#2]

();n [(1 - 2i#2 + (1 + 2ir#2 - ;]-—

()+M_
[(1 - 2iT-1)3’2- (1 + 2iq)3’2] .

302

Thus, to examine the question of runaways, one must determine the roots

of the equation

(3.15)

(3.16)

where a is the fine structure constant and f(~) is given by Eq. (3.15).

Here is what you find:
1,2

i) For ~sical values of the fine structure constant, in fact for all

a < 1 , Eq. (3.16) hasw roots inside the radius of convergence 1~1 = 1/2 ;

ii) For lar~e a, interpreted either as a strong coupling limit or a

semi-classica] limit, one does obtain a real root of Eq. (3.1.6)for

1~1 < 1/2. In fact.,what one finds .J this case is a small h expansion

about the classical runaway solution

B- (1,/T)[l+ (numerical coefficient) h2 + ...]

= (1/-r)[l+ (numerical coefficient)t (1./cx)2+ ...] , (3*17)

where T = \2e2/3mc3) ;

iii) The large and small a regimes atc scparatcxlin ‘l~atthere is a

critical vaku~’of > 1, such that
a$ acrit
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~
+Coo

a-)-a
crit

This behavirr is like that of a first order phase transition, and it means

that the ~adius of convergence of Eq. (3.17) cannot include the physical

value of a .

Thus the analysis of the roots of Eq. (3.16) shows that runaway

SOlut”i:)n!3 Firenot present in nonrelativistic quantum electrodynamics, for

physical values of the fine structure constant. Our understanding of this

result is that the interaction of

sel!.-f:~.eldgenerates an effective

Compton wavelength (Eq. (3.17)).

a charged point particle with its quantized

charge distribution spread out over a

This structure is reflected il.the particle’s

equation of motion, resulting in a form for the quantum mechnani.calequation

of motion for a point charge (Eqs. (3.7) and (3.13)) which is similar to

that of an extended classical charge (Eq.(2.1)). Several analystzs2’7’8

indicate that a classical charged particle of sufficient size (charge radius

> classical electron radius) does not exhj.bitrunaway behavior.

It is also interesting to inquire about the significance of the

condition ‘nl ~ 1/2 ● Recalling the various definitions, we see that it

says that

Em<~mc2 . (3,18)

This condition represents a restriction on the energy eigenstates of particle

plus field between which one can consistently evaluate matrix elements

of Eq. (3.17), and expresses the fact that our results are limited to the

nonrelativistic domain. It is remarknblc that.the criterion (3.1,8)is

gencrntcd by the dynamical equations themselves.
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b) External Forces

Now let us consider how th,eelectron moves in

dependent external force i(t).

equation of motion can be solved

can be written in the form

● 9 *CO

If we again neglect

response to a time

the in-fields, the

by Fourier transformation and the solution

mo~(t) = J dt’G(t - t’)i(t’) ,
-w

where the response function G(t - t’) is given

J

c/2A eiw(t - t’)
G(t- t’) =+ dw

-c/2A 1\ - $af(iwA/c)

by
1,2

.

(3.19)

(3.20)

In Eq. (3.20), the function f(iw~/c) is defined by Eq. (3.15) .

To derive Eqs. (3.19) - (3.20), we have had to require that F(U)

vanish for Iul > c/2A . This is because the series defining f(iw~/c)

does not converge unless Iul < c/2A . This condition is of course closely

related to that derived above, E . ~ m~2
mn 2 , as a requirement of non-

relativistic motion, and it also follows directly from thecondi.tion that

the applied force change by a small amount in the time required for light

to cross a Compton wavelength.

It is not difficult to see that the response function (3.20) does not

allow for observable preacceleration if a << 1. An approximate evaluation

of (3.20) shows that the quantum response funcuion is spread about the origin

(t = t’) with a minimum width given by the characteristic time AT - 2A/c.

This time is determined jointly by the uncertainty

of motion (through the condition w < c/2A), and

particle starts to move in rc~ponse to the applied

principle and the equation

the time at which the

force cannot be determined
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more accurately than AT. The time scale for preaccele-a”~on. on the other

hand, is

T - (e2/mc3) =cz(A/c)

so there can be no observable

<< AT if c%~< 1 9

violation of causality. Note, however, that

this conclusion would not follow if a a 1.

If the force is cut off at a frequency smali compared to c/A ,

the correspondence limit of Eq. (3.19) can be obtained by expanding the

denominator of the response function (3.20). One finds that

9*

mOl(t) = F(t) + T+(t) + .*.

J
m

= dse-s~(t + s-c) .
0

(3.21)

Thus, in the classical regime, Eqs. (3.19)-(3.20) give the same result as—— —.—

Eq. (1.3) - the solution to the classical Lorentz-Dirac equation which results

when the runaway solution is eliminated by fiat. The interesting point is

that Eqs. (3.19)-(3.20) pl~ce c limit, originating fr6m quantum cheery,

on the applicability si the classical solution (1.3).
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N. DISCUSSION OF THE CORRESPOh~ENCE BCTWLEN QUANTUM AND CLASSICAL

We have studied

particle coupled to the

ELECTRODYNAMICS

the quantum theory of a nonrelativistic charged

quantized electromagnetic field. This model, which

we have been callin~ llnonrelativisticquantum elect.rodynamics,l’is defined

by the Hamiltonian (3.1).

We have mentioned that nonrelativistic classical electrodynamics

app.:ar~to be internally ccmsist~nt in describing the motion of extended

charged particles. However, taking the point charge limit of the theory of

a classical extended char~~ kesults in a set of equations

display runaway behavior and preaccel.eration. In quantum

whose solutions

mechanics, on the

other hard, the point charge theory is consistent, displaying neither

runaway behavior nor observable acausality. Furthermore, the correspondence

limit of the solutions of the quantum mechanical equation of motion reproduce——

those properties, and only those properties, of the solutions of the classical

Lorentz-Dirac equation which are physically reasonable. Thus, a consistent

picture of a classical point electron emerges as the correspondence limit

of a quantum mechanical point electron, but not as the point limit of a

14
classical extended charge.
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v. CONCLUSION

Irtconclusion, I want to mention some questions which I believe

this work raises. The model studied here, based on the Hamiltonian (3.1),

lacks relativistic invariance. Consequently, no overall consistency for this

model can be claimed. Moreover, we do not know which of our conclusions

about the consistency of nonrelative.sticquantum electrodynamics would ccntinue

to hold in relativistic quanturlelectrodynamics. Thus, an attempt to extend

our cil-culationsto the domain of fully relativistic field theory is clearly

important.

Another point concerns the interesting fact that, according to our

calculation, nonrelativistic quantum electrodynamics apparently would display

runawey behavior and preacceleratioa if the fine structure constant were

greater than about one. This suggests an upper bound on a. Is this bound

real, or would ?.tdisappear if more physics, such as pair creation, were

included in the model? If the bound is real, what general property of the

theory is being revealed?

15
Finally, as has recently been stressed by G~otch and Kazes, it

would be quite instructive to understand more clearly the relational-,ip

between our method of calculation a,~dstandard perturbation theory. Some

progress has been made on this qaestion, and in fact it turns out that

quite different assumptions and approximations underlie the two methods.

There is, therefore, no partic’llarreason why the results obtained from

these two methods should agree in any given order ot approximation. I will

16,17
not go into detail about this work here, since it is discussed elsewhere.

.
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